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A procedure is described by which a set of expansion functions is generated
for the trilocal wave function. The. first 49 functions in the set are listed,
along with matrix elements of the Hamiltonian that are generated through
this same procedure.

1. INTRODUCTION

In the previous article in this set (Clapp et al., 1978), which will be referred
to as I, the secular equation for the trilocal structure was derived and solved.
The auxiliary parameters A and p were found to satisfy the equations (I1.4.5a)
and (1.4.5b), in order that the structure should move relativistically as a
particle with the rest mass m, but the secular equation did not itself place any
requirements on m, except that m? should lie in the range between zero and
nine, inclusive of these limits.

The curve which showed cos (3x) as a function of /2 contained horizontal
tangents at m = 0 and m = (9/33)'/2. The significance of these two special
mass values will emerge later in the analysis.

The present article will be concerned with the expansion of the trilocal
wave function in terms of an infinite set of orthogonal functions, each of
which satisfies the phase-space boundary condition given previously in
{.2.11).

2. REST SYSTEM EXPANSION

The trilocal wave function can be viewed as lying in four tiers, corre-
sponding to the r-spin projections with M, = +3, +%, —%, and —2. Within
any one of these four tiers the centroid-time wave equation (1.2.8a) couples
together the orthogonal functions in the expansion set. At a later stage a new
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24 Clapp et al.

operator will be introduced which will couple together functions on different
tiers.
Initially, we will restrict the solutions to the rest system, with

k=0 @.1)

We will also restrict our attention to the leading portion of the wave function,
considered as a power-series expansion in the two relative-time variables 2,
and 7, which were defined in (I.2.2). That is, we will consider the part of the
full wave function that remains when we set k, #,, and ¢, all equal to zero.

Antisymmetry will be required. On the two outer tiers, M, = +3, anti-
symmetry must come via space and o spin; with three quanta in the structure
there can be no function that is nonzero at the center of the structure where
r=gp=0.

On the two inner tiers, M, = +3%, we can use both = spin and o spin for
antisymmetry, and include in the expansion a function which does not vanish
for r = p = 0. For the upper of these two inner tiers, we can define this
innermost function by

l/lfllz — Noho(K:%)le+1/2 20(1) _ CF+1/2 Zb(l)] (2.2)
where
Ny = «®2[2-(6'2)] (2.3)

is a common normalizing factor for each function, which gives each
function the dimension of (length)~®2, so that its square is a volume
density.

The hyperspherical radial variable £ is defined by

R =2r + 3p%2 = (1, — 15> + (13 — 1z)® + (15 — 1)? (2.4

The function /y(z) is a hyperspherical Bessel function, analogous to the
familiar spherical Bessel function j,(z). As in Clapp (1978), the set of func-
tions /,(z) will be defined in such a way that the composite functions each
satisfy the phase-space boundary condition (1.2.11). The functions 4,(z) are
defined by

hn(z) = 82—n~2Jn+2(z) (2'5)
in terms of the ordinary Bessel functions. These 4, satisfy the recursion rela-

tion

ho(6B) = g s B) + €T (D)) @.6)

Differentiation of the 4, gives

d
5 R) = =Ry 1 (D) Q.7
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The o-spin functions 2¢(1) and 2°(1) are the functions defined in Clapp
(1961) as 2°(1),,5 and 2*(1),,5. These can be represented as 8-component column
vectors. For the top component, the three o spins are all positive. The next
component has o, negative, oy, and oy, positive. The pattern can be repre-
sented by the format

1 2 3
+ o+ o+
-+ o+
+ - 4+
+ o+ - (2.8)
+ —_ —_
pu— + j—
- - %

which was given earlier as (2) of Clapp (1961).
The 28 o-spin function 2°(1) has the two components

0’ 0°
0 0
1 0

—1 0

W) 12 = 25(1)-12 = (2.9

0 0
0 ~1
0 1
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The other 2S o-spin function has the two components

[

0 0
2 0
-1 0
-1 0
2c(1)+1/2 — 2c(1)—1/2 — (210)
0 -2
0 1
0 1
0 0

The function 7 1/2 also involves two =-spin functions. The r-spin func-
tion *T'*12 is analogous to 2*(1)*¥2 in (2.9), but with the superscript o
changed to r. The 7-spin function °I' **/2 is similarly analogous to 2°(1)**/2 in
(2.10), again with the superscript changed from o to .

We can also use the cyclic forms for the -spin and o-spin functions. We
can write

) = (/2 2(1)  [i(3)3/2] %(1) (2.11a)
2=(1) = (1/2) >(1) — 3321 %(1) (2.11b)
This gives us
0 a 0 [
1 0
w 0
w? 0
2+(1)+1/2 pa— 2+(1)~1/2 e (2.12)
0 -1
0 —w
0 —w?




Trilocal Structures. II. Expansion 27

and
0 0
1 0
w? 0
w 0
2—(1)+1/2 — 2—-(1)—1/2 —_ (2-13)
0 -1
0 —w?
0 —w
0 0

These functions correspond to (28--31) of Clapp (1961).

As for the cyclic forms of the 7-spin functions, we will want to use a
different phasing, in order to simplify the formulas that will later be used for
families of expansion functions. We will define

0 0
1 0
w 0
w? 0
+ L2 S AR V- S (2.14)
0 1
0 w
0 2
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and

-THU2 =

o o O

We will also define

(3)1/2

s3Iz =

(3

Y2 =

s]_"+1/2 —

Clapp et al.

(2.15)

(2.16a)
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0 0

0 0

0 0

0 0

sP-12 = sP-8/2 =

1 0 (2.16b)
1 0

1 0

0 (3)1/2

With these definitions, we can rewrite {12 in the form
P = Nof[2i[(3)2]ho(Z)[~ T+ 12 2%(1) — *T+122-(D)]  (2.17)

This function, as noted above, belongs to the upper of the two inner tiers.
There will be a similar function, which we can write as ¢ */2, belonging to the
lower of the two inner tiers, where we have M, = —1. In a full trilocal
structure, these will have separate coefficients, which we can denote by
C#12 and CyY2

We will want to define the two operators

75 = (ryraTa) (T + 0Ty + wPry)/2 (2.18a)
77 = (ryeroma)(ti + 0¥y + w7g)f2 (2.18b)

These operators act on the r-spin functions (2.14-2.16). They annihilate the
outer-tier functions *I'*%/2. However, acting on the inner-tier functions, they
permute them cyclically according to the scheme

L+ ST#1/2 — +[1/2 - ST#U2 = -T=1/2 (2.19a)
2t FDELZ — -T2 7= F[EL2 = sTE12 (2.19b)
Ft ~TELE o sps12 7= ~DxU2 o +Lxl2 (2.19¢)

Thus, within these inner tiers, the two operators (2.18) satisfy the operator
relationships

thrT =1 = ()P = (+7) (r*)y =" (r7) =% (2.20)
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which are the same identities satisfied by the complex numbers « and ?,
given previously in (1.2:5).

Along with the operators (2.18), we will want to use the o-spin operators
defined by

6’ =0, + 6, + 0; ot = 6, + we, + wlc,
6~ = 6, + wlo, + wo, (2.21)

We can then write the centroid wave equation, as specialized tothe M, = +1
tier, in the form

wd+12 — [ +12Q+112 (2.22a)
where
H*U2 = Hr12 4 [z (2.22b)
Hp'2 = (1/9)(6* k — *6™ -k — 776" -K) (2.22¢)

H 2 = (1)9ik)(— 7% 6*- V- — 776" V* + a* .V~
+ 6"Vt — st UVt — 7™ -V")  (2.22d)

In the rest system, specified by (2.1), H;} /2 in (2.22¢) will vanish, leaving only
the relative part of the Hamiltonian, H,;**2 in (2.22d). When this operator
acts on the initial function 7 12, as given in (2.17), two other functions are
generated. Operation on each of these regenerates (2.17), together with other
new functions in the expansion of ®*+1/2 which is the portion of the wave
function lying on this upper-middle tier.

3. NORMALIZATION

In the rest system, the energy w reduces to the rest mass m, and the wave
equation (2.22a) simplifies to

mq)+1/2 — H:1/2®+1/2 (3,1)

When the operator in (3.1) is applied to the initial function (2.17), and to the
succession of functions that are generated, a matrix version of this operator
is constructed, with this set of functions as the basis system.

The functions are first generated with arbitrary normalization factors.
The matrix version of the relative Hamiltonian operator is then not-a sym-
metrical matrix. However, the matrix can be forced into a symmetrical form
through the introduction of normalization factors to accompany the separate
functions. This normalization is a relative one that takes the normalization of
the initial function (2.17) as a given quantity.

We should note here that the usual picture of a normalized wave function
does not apply, since the initial function (2.17), along with each of the
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functions generated by the operator H;*Y2, is not square-integrable. In this
theory we are working with waves that converge to a center and then diverge
to infinity. These spherical waves are no more square-integrable than are the
plane waves which are utilized in quantum-mechanical scattering calcula-
tions. In analogy with the artificial large box that is introduced to provide a
normalization for the plane waves, we might introduce an artificial large
sphere, with a radius of the Hubble distance or some such length characteriz-
ing the observable universe. However, for the present analysis we are con-
cerned only with relative normalization, not with absolute normalization, so
we can postpone consideration of the latter, and deal only with the former.

When we adjust normalization factors to make the relative Hamiltonian
in (3.1) a symmetrical matrix, we find that there are usually more conditions
to be satisfied than there are adjustable factors. The extra conditions provide
welcome checks on the algebra.

4. LIST OF FUNCTIONS

The first 49 of the inner-tier trilocal basis functions are listed in Appendix
A. Sixteen of these, the ones that incorporate the 7-spin function *T", will also
appear in the two outer tiers, though with separately adjustable coefficients.

Sixteen o-spin rotational functions were introduced in Clapp (1961),
where they were given the mnemonics

Ay 1) @ ) Pe) (e Hr)  p)
PG x ) *(ir x ) rxg) ) *(ep)
‘rp +pr) (T x p)  *(ipr x p) “.1)

Cyclic versions of the doublet functions are formed through (2.11) and 2P
analogs of (2.11). Linear combinations of these and other functions from (4.1)
also appear in the basis functions listed in Appendix A.

Certain groupings appear frequently, and have been given the following
abbreviations:

(+) = [2r2 — 3p%/2 + i2(3)V2r-p] (4.22)
(=) = [2r2 — 3p%2 — 2(3)Y2r- @] (4.2b)
[ 1=44r) + 3*@p) (4.32)
[+] = 4%(r) — 3 *(pp) + i2(3)"* *(rp + pr) (4.3b)
[—]1=44%tr) — 3 %pp) — i2(3)"2 “(rp + pr) (4.3¢)

rt =1+ i(3)"%)2 (4.42)

r- =r — i(3)*%/2 (4.4b)
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A few of the functions are given in two forms, the second being the
cyclic-notation form analogous to (2.17). For the most part, only the cyclic
version is given, because of its compact character and its pertinence to the
organization of these functions into families, as will be discussed in the next
article in this set.

5. MATRIX FORMS OF WAVE EQUATIONS

Appendix B contains 36 rows of the rest-system wave equation (3.1), in
the matrix form that uses the functions of Appendix A as basis functions. As
indicated in (3.1), this is an inner-tier matrix applicable specifically to the
upper-middle tier, with M, = +4. However, a simple reversal of the sign of
the left-hand side of each equation in Appendix B will make each equation
there apply to the lower-middle tier, with M, = —1. The appropriate specifi-
cation of M, needs to be made in the 7-spin functions contained as factors in
the basis functions of Appendix A.

It will be noted that the matrix rows in Appendix B are written in terms
of the coefficients C; instead of the functions ¢;. The matrix elements were
originally obtained through operations on the functions ;. This gives a set
of equations; the first of which is

HT+1/21/J:-L+1/2 — 21/2!’[];'1/2 + 21/2‘#:;-1/2 (5.1)

once the appropriate relative normalization has been incorporated into the
functions ;. This normalization ensures that the matrix is symmetrical.

The coefficients C; satisfy a matrix equation whose matrix is the transpose
of the matrix that is generated by operations such as (5.1). However, since the
matrix has been made symmetrical through the choice of suitable normaliza-
tion factors, the transposed matrix is unchanged, and the same matrix
elements appear in the C; equations of Appendix B as would appear in a
listing of ¢, equations such as (5.1).

The operator H,;7Y2 in (2.22d) couples even-parity functions to odd-
parity functions, and vice versa. Thus it is elementary to use some of the
equations of Appendix B to eliminate the odd-parity coefficients (that is, the
C;’s associated with ;’s which have odd parity) from the remaining equa-
tions. What is obtained is the set of equations listed in Appendix C. These are,
in effect, the rows of the matrix version of the quadratic wave equation

m2d+i2 — (HT+1/2)2¢,+112 (52)

that can be derived from (3.1).

That is, these are the even-parity rows of (5.2). As we will see later when
this equation system is solved, we will not need to use the analogous odd-
parity rows of (5.2).
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6. SUMMARY

The expansion of the trilocal wave function has been started, with this
initial expansion restricted to the rest system and to a time slice within which
the two relative-time variables #, and ¢, are equal to zero.

The wave function lies in four tiers, specified by the { component of the
total = spin. For the upper-middle tier, where M, = +3, the procedure for
generating the expansion has been described. This involves repeated applica-
tion of the appropriate Hamiltonian operator, given in (2.22d). Acting on
one function, this operator generates a number of terms which include
groupings recognized as functions already defined, and other terms which are
grouped as tentative functions. Acting on the tentative functions, the operator
generates previous functions and new functions. The associated matrix
elements should form a symmetrical matrix, and this requires that normaliza-
tion factors be adjusted, and sometimes that terms be regrouped until the
correct groupings are found.

Forty-nine of the functions obtained in this way are listed here in
Appendix A. The matrix elements linking them, in the matrix version of the
linear wave equation, are included in Appendix B. The quadratic wave
equation also has a matrix version, and Appendix C contains the matrix
elements linking those functions in Appendix A which have even parity.

Further use of these functions and matrices will occur in later articles in
this set.
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APPENDIX A: 49 TRILOCAL BASIS FUNCTIONS

1 = Noho(xR)[°T *(1) — °T *(1)]
= iNo2(3*?[3)ho(x) "' 2*(1) — *T' 27(1)]
ho = iNo2%ichy (k) °T'[2 *(r) — (p)]
= No2(6V2/3)ichy () *T[**(x7) — 27(x™)]
s = No(6V2/3)chy(«)["T *(x*) — *T *(x7)]
ha = No2(6'2/3)ch(B)[*T 2*(@x*) — "T 27 (r7)]
hs = iNo2(67%/3)Phy (k[T 2~ (1)(+) — *T 2+ (1)(-)]
he = INo2(672/3)®hy(sc ) T2~ (1)(—) — 2*(1)(+)]
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Py = NAQY)Pho(B)[*T 2~ (ir x p) + T 2*(ir x p)]
s = Nodk?hy(x®) T Hir x p)

ho = iNo(15'%/5)kho(kZ)(" T[] — *T[+])

dro = INS(BY2)Cha(kB)[* T 4(ir 1 x p) + ~I (ir*r x p)]

dn = No2(6"2/3)Ch(k B T[4 (=) — *x™)28%)2]
= TTEE)(+) — **)%2)2]

Yo = No2(3"2[3)hy(x %) TIE N +) — HE™)(-)]
hig = Nod(6'2/3)Ph(eZ){* T[**(x~)(+) — **(r")%%/2]

- = TR X)) = 2 e)#2]
pia = Nod(672/3)Pha(kZ) *T{**(x*)(—) — 2" (x™)%%/2]

— B )(+) - 2 )22l
his = Nod(3*2/3)Pha(kZ)[* T 2 (x*)(+) — "I 27 (™ )(—)]
Yro = Nod(3"2[3)ha(x)[* T 2~ (@) (=) — ~T 2+ (x*)(+)]
lﬁ17 = iN02K4h4(KgZ) SF[2+(1)(_)2 - 2_(1)(+)2]

i = iNoA*h(k)["T 2+ (1) — *T 2~ (D](+)(—) — #%/2]

o = iNo2uthy(kB)[* T 2+ (1)(+)? — ~T 2-(1)(—)?]

oo = — No2(6"2)*hy(x%) (it x @)[*T(+) + ~T(=)]

o1 = — NoM6V ) hy(x ) “T[2*(ir x p)(+) + 27(ir x p)(~)]
oo = Ned(6")*hy(kB)[*T 2*(ir x p)(—) + ~T'27(ir x p)(+)]
has = iNo3" 2w hy(xZ) T[[+1(-) — [-X(+)]

hos = INI(TH? Tyt hy(xB)[*T[-(=) — “T[+1(+)]
= IN210Y/Dhy(keZ) Tl 1(—) — [-12%7/5]
- T I(+) — [+122°/5]
Pae = No2'Chs(kZ)["T H(x™)(—)* — "I *r")(+)%]
hor = No6"%hs (k) *T{*(r I(+)* + 2(—)%#°/3]
= EO(=) + 2+)2%%3%
has = No2(3VHPhs(kZ){[~T *(x*) — *T 4@ )I[(+)(—) — #¢/3]
= [T A7) (+) — T4 )(—)1%2/3}
hao = No2(2V2)hs(k ) °T[*~(r~)(—)* — 2*(r*)(+)?]
a0 = No2(6"")hs( ) *T'[~(x*(=)* — 27 (x7)2(—)%#*/3]
— "I (47 = 2 (e)2(+)2%/3]}

-~
Y
o

|
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Pa1 = Nod(3)xPhs(xZ) *T{[>~(x*) — 2 (@ )I(+)—) — #*/3]
= Br@)(+) = 2 *)(-)12%/3}

hag = No2(6" () "T[**(r*)(—)* — 2*(r7)2(—)%#%/3]
— TE)(+)* = 2 @)2(+H)%%3]

hag = No2(2")Chs(WZ)[*T 2*(x7)(=)* — T 2@ *)(+)’]

has = NoAQGYChs(«RN[*T 24 (x7) — ~I 2= (e )](+)(—) — #%/3]
— [FP2r)(+) — T2 )(-)1#%/3)

a5 = iNp24xhs(k %) ST[*ir 1t x p)(—) + *(ir*r x p}(+)]
has = INo12(6"*)c®hs(kZ){ "T[*(r ' x p)}(+) — *(r*r x p)%#?%3]
= *I[*r*r x p)(—) — “({r~r x p)%#*/3]}
gy = INgA(3Y2[3)Che(kD)["T 2 (1)(—=)* — *T 2~ (1)(+)°]
Pos = INoA(31?)he(xD)[~T 2~ (1)(+) — *T 2+ ()()(+)(—) — 2%%3]
oo = INAB " he(xZ) T2~ (1)(=) — 2*((HI(+)(—) — 22%¢/3]
Yao = INAGYZ3)Che(x )T 27 (1)(+)* — *T 2=(1)(-)°]

bay = NoB(BU2Sha(kD)[*T 2+ (ir x p)(+) + ~T'2-(ir x p)(—)?]

Yaz = No(=24)Cha(k)[*T 27 (I x p) + ~I'#*(ir x p)][(+)(—) — #*/3]
Pz = N8B 2)Che(wl) T+ (ir x p)(=)* + 2~ (ir x o)(+)?]

Pas = No(—12)2V)he(xZ) °T (ir x )(+)(—) — #%/3]

has = NoABU2)bho(k) 4(ir x p)[*T(—)* + ~I(+)?]

has = INo6(138Y2[23)Chs( )" T[—] — *T[+1][(+)(~) — #%/3]
— [T+ K=)? — *TI-X+)"1%%/2}

bar = INg (YD hg(eB) T+ (+)2 — [— =]

$ag = IN2Q21M2[3)Che(w ) ~T[[ 1(+)? — [+]14(+)27/T]
= U 1= = [-14(-)Z271

$ag = INGT(966V2/69)he(xBH[*T[+] — ~T[—1I(+)(=) — #*/49]
+ TTI=18C+)%7 = [ 192(+)%%/49]
= T+ B(=)Y7 = [ 192(—)%2/49%

APPENDIX B: 36 ROWS OF THE INNER-TIER
LINEAR WAVE EQUATION

mC, = 22C, + 212C,

mCy = 212C; + (1/3)Cs — (1/3)Cs + (1/3)C; + (22/6)Cs + (10Y2/3)C,



36 Clapp et al.

mCs = 212C; — (1/3)Cs — (2/3)Cs + (1/6)C; + 5(24%/6)Cs + (1072/6)Cq
mCy = (2/3)Cs + (1/3)Cs + (2/3)C7 + (2'2[3)Cs + (1072/6)C

mCs = (1/3)C; — (1/3)Cs + (2/3)Cs — (1/3)Cyy — 2Q27%[3)Cy,
— (2/3)Cis — (1/3)C1s + (2'23)C15 — (2Y2/3)Cy6

mCs = —(1/3)C; — (2/3)C; + (1/3)Cy — (2/3)C11 — (21%/3)Cy2
— (1/3)C1s + (1/3)Cyq + 2(2M23/3)Cy5 + (21?/3)C16

mCy = (1/3)C; + (1/6)Cs + (2/3)Cy + (6%/6)Cyo ~ (1/6)C1y
+ (2/3)Cy5 + (1/3)Cy4

mCy = (212/6)C; + 5(2'2/6)Cs + (2V%/3)C, — (37%/3)Cy0
— 5(2'2/6)Cyy + (21%[3)Cy5 + (22/6)Cis

mCy = (10Y2/3)C, + (1042/6)Cy + (102/6)C, — (154%/5)Cyo
— (1012/30)Cy; — 2(5%2/15)Ca + (104%/30)Cyg
+ (1012/15)Cy, — 2(5Y2/15)Cys — 4(57%/15)Cye

(6'2/6)Cy — (312/3)Cs — (15Y2/5)Cy — (21/6)Ca0
+ (223)Cor + (212/6)C5 — (31723)Coq — (210"%/30)Cos

mCyy = —(1/3)Cs — (2/3)Cs — (1/6)C; — 5(21%/6)Cs — (10¥2/30)Cs
+ (6%/3)Cs — 5(3Y2/9)Cyo — 2(312/9)Cys
= (312/9)Caz — (2'%3)Cas — (35"%/15)Cos

mCyy = —2QY%3)Cs — (24%/3)Cs — 2(S"/15)C, + 2(312/9)Ciy
+ 4(317/9)C1o — 5(61%/18)Cyq + (62/18)Cxq
+ (62/9)Chy + (2172/9)Cyy + (70Y2/30)Cas

mCiz = —(2/3)Cs — (1/3)Cs + (2/3)Cq + (21%/3)Cy
+ (1042/30)Cs — (32/9)Coo + 2(312/9)Cy
+ 4(312/9)Cas — 2(217/3)Cqs + (357%/15)Cos
mCy, = —(1/3)Cs + (1/3)Cys + (1/3)C; + (2V2/6)Cs + (1017/15)Cy
= (6'2/3)C1e — 2(31%/9)Cq0 — 2(3'2/9)Csy
+ 2(3%/9)Cop — (212/3)Cos + 2(35Y2/15)Cas

mCiy,

mCys = (21%/3)Cs + 2(24%/3)Cs — 2(52/15)Cy + 2(3V%/9)C1r
= 2(3¥%/9)Cyq + (6"%/18)Cyo + 2(6"%/9)Cs1
+ (642/9)Can — 2Q2112[9)Cyq + (7072[30)Cos
mCig = —(2"%/3)Cs + (21%[3)Cs — 4(5'%/15)Cs + 4(31%/9)C1r
, + 2(312/9)Cys + (642/9)Cyo + (6/2/9)Cay
— (6'2/9)Cyy — (2112/9)Cyq + (T012/15)Cos
mCyy = 2(3"%/9)Cyy + 23'2/9)Cys + 4(312/9)C1q

— 2(2%/3)Cag — (6Y%/9)Cay + (217%/3)Cyy
— 26Y2/9NCa + (6Y2/9)Csz + (2Y2/3)Ca3

mCig = (6Y%/3)C1y — (6Y2/3)Crs + 2(3V%/3)Coe — 2(3%/3)Csy
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mCig = 4(342/9)C1y — 2(3'2/9)Cys + 2(32/9)Cy4

mC20

mCyy =

mC22 =

mCag

mC24

mCag

mCog

mCyq

_ (21/2/3)C26 _ 2(61/2/9)C27 - (21/2/3)029
— (6Y2/9)C3 — (6Y2/9)Csz + 2(2112/3)Cas

—(2M2[6)Cro — 5(32/9)Cyy — 5(612/18)C1y — (32/9)Cys
= 2(3"%/9)Cyy + (67%/18)Cy5 + (6'2/9)Cis — 5(312/9)Cer
+ 5(6'2/18)Cqq + 2(3%%/9)Cs0 + (6'2/9)Csy — (3V%/9)Cse
— (6'2/18)Cyy + (67%/6)Cas + (1/3)Cise

(2Y3/3)Cyo — 2(3'2/9)C11 + (6'3/18)C1p + 2(37%/9)Ci5
~ 2(3*/9)C14 + 2(6"2/9)Cys + (6V%/9)C16 + (3*2/9)Cor
+ (6Y2/9)Coq + 2(3'2/9)Cs0 + (6'%/9)C31 — 4(3Y2/9)Cas
+ (6'2/9)C34 + (6'2/6)C35 — (2/3)Cy6

(212/6)C1o — (3Y2/9)Cyy + (6V2/9)Cy5 + 4(312/9)Cus

+ 2(31%/9)C14 + (6Y2/9)C1s — (6%2/9)C1g + 2(312/9)Cyy
+ (6'2/18)Cqq — 2(32/9)Cg0 — (6'2/9)Cy1 — 2(37%/9)Cag
+ 2(6"2/9)Cy4 + (67%/3)Css — (1/3)Cis

—(333)Cyo — (2/3)Cyy — 222[3)Cy5 — (21%/3)Cy
+ (1/3)Cae + (1/3)Csy — (2/3)Ca4s + (62/3)C3s

(21Y2/9)Cy, — 2(2142/9)Cy5 — (2142/9)Cys + 2(14112/21)Ca
+ (4212/63)Cyy — 4(1412/21)Cyq — (423/2/63)Cs,
+ 2(42Y2/63)Cyy + 2(1412/21)Cy — (2142/T)Cas

—(21072/30)Cyo — (35*2/15)Cyy + (70Y2/30)C,5 + (35Y2/15)C1s
+ 2(35M%/15)Cyq + (T0Y2/30)Cys + (704%/15)Cyg — (3542/21)Coy
— (70%2/42)C,s — 2(3542/21)Cao + (T042/21)Cay + (354/2/21)Cas
— (T0Y2/42)Cyy + (702/14)Cys — (105Y2/21)Csq

—202123)Cyy — V33)Ce + 21442121)C
— (6Y2/6)Csr — (6"2/3)Cao + (22/12)Cyy
— (242/6)Cas — 5QY2(12)Cas + (1/2)Car + (42V2/28)Cg

—(6*2/9)C17 — 2(6'%/9)C1g — 5(312/9)Ca + (3V%/9)Cy;y

+ 2(3'2/9)Cyp + (42Y2/63)Coy — (3572/21)Cos5 + (27%/3)C3
+ (21%/6)C3e — (617/6)Cyy + (6'2/12)Cys — 5(6"%/12)C,5
— 7(2312/138)Ce — 3(1412/28)Ceq — 3(1611/%/161)Cye

mCos = 2(3'2[3)Cyg + 5(6'/18)Cqo + (6"%/9)C; + (67%/18)Cy,

+ (1/3)Cos — (707%/42)Cy5 — (1/3)Cs5 — (2/3)Cso — (1/6)Cic
— 5(242/6)Cys + 4(46112/69)Cys — 3(3221/2/322)C

mCqg = (212/3)Cyq — (2Y%/3)Cyo — 4(1412/21)Cq,

+ (62/3)Cy7 + (6'2/6)Cyo — (212/6)Cyy
— (2Y2/6)Cuy — (2Y%/6)Cas + (1/2)Car — (42Y%/14)C g
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mCs = —2(6"2/9)Cy7 — (6'2/9)Cis + 2(37%/9)Cy0 + 2(3'2/9)Cyy
— 2(312/9)Cyq — (42V2/63)Cyy — 2(35'%/21)Cs5 + (2'%/6)Ciq
— (22/6)Cy9 + (6"%/6)Cay — (6'2/3)Cas — (67%/12)Cys

— 7(23Y2/69)C,q + 3(1411%/28)Cys — 6(1612/161)Cye

mCs; = —2(3'2/3)C1g + (6'2/NCy0 + (62/9)Cay — (6"%/9)Cag + (1/3)Cas
+ (70Y221)Cos ~ (1/3)Csq + (1/3)Cap + (1/3)Cag + (212/6)Csy
— 8(46Y2/69)C,s  3(322%2/161)Cyq

(642/9)C17 — (62/9)Cro — (3¥2/9)Cao — 4(3V29)C;,

— 2(3Y2/9)Cyy + 242V2/63)Csy + (3572/21)Cs + (21/2/6)Cas
+ (242/3)Cyo + (6V2/6)Cas + (6'%/6)Cus + (6V2/6)Cs

+ 7(23Y2/138)C,s — 3(14Y2/14)C,s + 3(16112/161)Cyq

mCsg = (2'%[3)C17 + 2(21?%/3)C1y + 2(1472/21)C,4
— (6"%/6)C3q7 + (6Y2/6)Cyo + (2'2/3)Cyy
= (212/6)Cys + (2'2/12)Cys — Cyq + (42"77/28)Cyg

mCyq = —(6"7/18)Co0 + (6"2/9)Cyy + 2(6'%/9)Cya
= (2/3)Cas — (70'2/42)Co5 + (2/3)Cas + (1/3)Cso
— (2/3)Cyy — (21%/3)Cyy + 4(462/69)C, — 3(3221/%/322)C,s

mCss = (6'2/6)Cyq + (6'2/6)Cyy + (61%/3)Cay — (21M2/T)Cas
+ (70'2/14)Cy5 — (3*%/3)Cyqy + (312/6)Cy5 + (31%/6)Cys
+ 3(4612/46)Cys + 3(742/14)Chg — 6(32212/161)C,q

mCse = (1/3)Ca0 — (2/3)Ca1 — (1/3)Caz + (6'%/3)Cy5 — (1057%/21)Cys
+ (6'2/12)Csp — (3Y2/6)Cuy + (6942/23)Cy + 15(483%/2/322)Cyo

mCs,y

APPENDIX C: 15 ROWS OF THE INNER-TIER
QUADRATIC WAVE EQUATION

0 =@ — m)C, — 22C; + (2V72)C; + 2C + 52C,

0 = [(8/3) — m?ICs + (4/3)Cs + 4(10%2/15)Cy — 2(6*%/9)Cy,
— 4(67%/9)Cy5 + 2(3'2[3)Cqo — (3'%[3)Cop + 22"7[3)Cps
— (421%/9)C;q — 2(35Y2/15)Cys

0 = —2'2C, + (4/3)Cs + [(8/3) — m?]Cs — 4(1072/15)Cq
+ 2(6'2/9)Ch7 — (6'2/3)C1p — 2(672/9)Cig + 2(3'%/3)Cyo
+ (3Y3/3)Ca1 + (2%/3)Cos — 242%/9)Coy + 2(3542/15)Cy5
0 = QY3/2)C, + [(4/3) — m?]1Cy + 2(2112/3)Cy + (10%3/5)Cq
— (6'2/6)C15 — (3%/9)Cq0 + 2(3%/9)Cqy
+ 4(34%/9)Cs — 22"%/3)Cos + (351%/15)Cy5
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0=

2C; + 22Y2/3)Cy + [(11/3) — m?]1Cs + 4(5+2/5)Cs
~ 2(3'2/3)C15 + 461%/9)Ca0 + (67%/9)Cy;y
+ 26Y2/9)Cay + (1/3)Cag + 2(70Y2/15)Cs

5120, + 4)10Y%/15)Cs — 4(10Y2/15)Cs + (10Y2/5)Cy + 4(5V2/5)Cq

+ [(43/15) — m?|Cy — 8(15Y2/45)Cyq — (15Y2/15)Crg — 4(152/45)Cyq
+ (30Y2/30)Cpo — 2(3012/15)Cay + 2(5Y2/15)Css

+ 2(1054%/45)Cyq + (1412/30)Css

—2(6"2/9)Cs + 2(6'2/9)Cs — 8(157%/45)C, + [(8/3) — m*]Cyy

+ (#/3)C1p — 8(TH221)Cyy + 8(210%2/105)Cy5 + (34/2/3)Cyy

— (79 Cae + (3"%/9)Cys + 2(31%/3)Ca + (1/2)Css + Cis

+ T(138Y2/207)Cs — (22/2)Csr — (R1M3T)Cyg + 2(966Y/2/161)Cyg

—(6"3/3)Cq — (6™2/6)C; — 2(3"?[3)Cy — (15*2/15)Cy + (4 — m?)Cyy
— 4(210"%/35)Cys — 2(3'2/3)C3q — (3'2/3)Cy — 2(6"2/3)Cys
+ 8(138Y2/69)C.q — 3(966%/161)Cyo

—4(6*2/9)Cy — 2(6Y2/9)Cq — 4(1542/45)Cy + (4/3)Cyq

+ [(8/3) — m?]Cye + 8(TY3/21)Cyy + 4(210%2/105)Cy5 — (3Y2/3)Cyq
— 2(343/9)C3s — (37%/9)C3e + (312/3)Cyo + (1/2)Cy; + Cys

+ 7(13812/414)Cye — 2Y2C,7 + (1Y T)Cys + (96672/161)Cyy

2(312/3)Cs + 2(3'2/3)Cs — (BY3NC, + 4(6'3/9)Cy + (30'2/30)C,
+ [(11/3) — m?]Cy0 + (2/3)Ca1 — (2/3)Csz + 2(6Y2/3)Cyg

= 2(1423/T)Co4 + 2(105Y2/105)Ca5 — (6Y2/3)Cay — (61/2/3)Cag

+ (212/6)Cyy + (6M2/18)Cyy — (272/3)Cys — 4(3V2/9)Cyy

+ 2(212/3)Cy5 + 5(69%7%/138)Cye + (42V2/7)Cyg + (4831/2/322)C,y

(BH2[3)Ce + 2(37%/9)Cr + (612/9)Cy — 2(30*2/15)Cq + (2/3)Cy0
+ [(8/3) — m?ICay + (4/3)Cas — (62/3)C5 — 2(14Y2/7)Cy4

+ 2(1057%/105)C5 — (6'%/6)Cag — (2'3/3)Cyy — (6"%/9)Cig

— (2123)Cy5 — (372/9)Cus — (21%[3)Ci5 — 4(69"72/69)C4s

+ (42Y2/T)Cyq — 10(4834%/161)C,

—(3"2/3)Cs + 4(3'2/9)Cq + 26"%/9)Cs — (2/3)Cqo + (4/3)Cy

+ [(8/3) — m*]Cyy — 2(6Y2/3)Cy5 — (14Y%/7)Cyq + 2(10542/21)Cys
+ (6Y2/6)Cag — 2(212/3)Cyy — 2(6"2/9)Cyz + (24%/3)Cys

— 2(33/9)Cyy — (2Y2/6)Cy5 + 2(6912/23)Cys

+ (42173/14)Cyp — 8(48312/161)Co

2(22[3)Cs + (2M2/3)Cq — 2(2Y%/3)Cy + (1/3)Cs + 2(5%2/15)C,
+ 2(6Y2/3)Cyp — (6'7/3)Ca1 — 2(6%2/3)Cyy + (3 — m?)Cyg

— 2(70'2/35)Cys — (2/3)Css — (1/3)Cap + (2/3)Cuz — (212/6)Cyy
— (46%2/69)C,s + 9(322V2/161)Co
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0 = —(4212/9)C; — 2(42Y2/9)Cs + 2(10512/45)Cy ~ 8(742/21)Cyy
+ 8(72/21)Cs — 2(14*2[T)Cqp — 2(1413/T)Cyy — (14Y2/T)C3q
+ [(59/21) — m2]Cys — 2(30Y2/15)Cys — 4(2112/21)Caq + (2122/63)Cls
+ 2(2112/63)Cao — 2(2142/21)Cyo + 2TH2/T)Cay — (TH2/14)Cs
— 10(966'2/1449)Cys — (1442/7)Cyy — (342/14)Cys + (1382/23)Cie

0 = —2(35Y2/15)C;s + 2(35'%/15)Cs + (354%/15)C, + 2(70%2/15)C,y
+ (14172/30)C, + 8(210Y2/105)Cyy — 4(210Y2/35)Cyq
+ 4(210Y2/105)C,q + 2(1057%/105)Cs0 + 2(105Y2/105)Cay
+ 2(105Y2/21)Cyy — 2(70Y2/35)Cas — 2(30Y2/15)Csa
+ [(103/35) — m?]Cas — (7042/21)Cag + (70%2/21)Caq
— (210Y2/42)Cyy + (T0Y2/42)Cyy + (21072/21)Cyg + 2(3547/21)C,,
+ (21012/21)Cug + (805Y2/966)Cas — 9(11542/322)Cie
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